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ESTIMATION OF THE SEQUENCE ASSOCIATED 
WITH THE SEQUENCE OF EXPONENTS 
Both Theorems XV and XVI can be used with more pre- 
cision if an estimate of the growth of the sequence {A,}  
can be given in relation to  the growth of the sequence {A, , \ .  
We shall thus prove the following two theorems. 
THEOREM XVII. If the upper density of the sequence ( A , )  
is  D, and ;f 
lim inf (A,,, -A,) =h >0, 
then to every e > O  there corresponds a quantity A ( € )  such that, 
on denoting by {A,,] the sequence associated with {A,,],  we have 
(80) 
where 
B(D,  h )  =30(3 - l o g ( h D ) )  (w i th  B(0, h )  =lim B(D,  h )  =O). 
n = m  
(79) 
A, S A ( e ) e ( B ( D *  h ) + f ) X * ,  (n  2 I), 
D -0 
REMARK. It is obvious from the definition of D and h 
that  D h  5 1. 
THEOREM XVIII. If the upper  density of the sequence 
(A,) is f inite,  and i f  there exists a f ini te  positive quantity p 
such that for n sujiciently large: 
then to every e > O  there corresponds a quantity A ( € )  such that 
(82) A, SA(e)eXtL ) ( n  >= 1). 
Theorem XVII is an immediate consequence of a theorem 
of A. Ostrowski [ 161, (here Lemma VII) for which we give 
the proof given by V. Bernstein [3]. Theorem XVIII is a 
simple consequence of a classical theorem of Bore1 [ 191 on 
canonical products (here Lemma VIII). 
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(81) A n + l  - A n  > 
1 +e 
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LEMMA VII. If the relationship (79) holds, the entire f u n c -  
t ion h ( z )  given by ( 4 2 )  has the following property: to e' >O and 
q >O arbitrary, there corresponds a quantity R(E' ,  q )  such that, 
o n  denoting by D the upper density of {An) ,  
for each z satirfying the set of inequalities / z I  >R(e' ,  q ) ,  
; z  >q, ( n z l ) .  
From (79) and from the relationship Dh 5 1 it follows that 
In(z) I >e-(B(Ds h ) + e ' ) / z / ,  
Let w be an arbitrary quantity such that O<w<h.  For 
n >nl = n l ( w )  we have -Afl  > h  - w .  For x >0, let us set 
E=---- . Let us also set p , = - ,  and suppose that 
O < q < T - .  If lz+X,j zq, and if X,- l=<xSXm(z=x+iy) ,  
X x 
h-w h - W  
h. --w 
L 
then, for x > n l + l  with n1+2 < m :  
since the product extended from 1 to  nl is bounded 
x >Arn+ with m >n1+2, the quantity which bounds 
pending on nl ,  that  is to  say, on w. If n>nl we 
when 
it de- 
have 
m -nl 
p n + l - p 7 , > 1 ;  let us set A* =I .  u. b. . It is readily seen 
tha t  A, tends decreasingly to  lim sup -- = A  = ( h  -0)D.  
We have therefore : 
meia IJm 
m -nl 
m = m  IJvL 
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m -ni -2 m - m - 2  
(84) = ( Pm-2e 2 )  Pm--2 5 ( m  pm-2e 2 )  h - 2  E m - n l -  - n l -  
1 
. Since the maximum ofxi  (x>O) 1 We have pm-z  >- ~ n - n ~ - 2 = A , - ~  
1 is a t  x =e,  we see that, if A <-, then, for m sufficiently large 
e 
I n  the first case, Am-2 <- ) we get from (84) : ( 3 
In  the second case, Am-2 2 - : ( s> 
Hence, since A = ( h  - w ) D  < 1, and Am-2 < 1 for m sufficiently 
large, we may write (for m large): 
(t+Am-z)E < eAm-z(2 -1OgA-z)E e - 
Therefore, in each case, for m sufficiently large: 
Let us now estimate the product in (83) extended from 
m + l  to  a. Let pk be the largest p,, smaller than 2 [ ,  if 
24>pm+1, and let k = m  if 2E$/.~m+l. Let us set E ( ( ) + l = r ,  
k -nl 
Pk 
E(2Ah[) =ar. We have a~12AicE22&--2k--nl. 
We have': 
k 
m t l  
'If k = m  the  product should be replaced by unity. 
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( B  const.). 
1 
2 
By definition, CY < 2 A k .  If therefore we suppose Ak  <-, we 
shall have : 
2 
Q ( [ )  s C e ( 2 a - a 1 0 g a + x r A k ) E  (C const.). 
The  expression 2a!-a log a! increases as CY increases from 
0 to  e, thus, if a <2A, 5 1 : 
(86) e([) 5 Ce(4Ak--2Ak108(2&k)+ 2" 4 3  Ak)E 5 - Ce(7Ak-2AklogAkk)E.  
We have, on the other hand, for [ sufficiently large: 
- sin(aiEda,)  e €d/aSzw* 
Thus, if w is sufficiently small, that  is to  say if nl, and 
thus if m, is large, that  is to  say if  4 is sufficiently large, 
Q ( [ )  satisfies (86) also if 2Ak> 1. In all cases we have there- 
fore, by (83), (85), and (86), for x sufficiently 
with w fixed arbitrarily small ( 1  z - A n  I 2 q )  : 
large ( x  > x u ) ,  
- e ( 9 A - 3 A  l o g  A + o ) e w  = e3D(3 - log [D(h  - w ) ] ) r + w x  
- <e3D(3-log[D(h-o)l)l~l  Sew151. 
h -w 
This proves that  the desired inequality holds (since A(z) 
is even) if z is in the described region with the supplementary 
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condition 1x1 g a ( $ ) .  But if 1x1 s c ,  X m < c ~ X m + l ,  with z 
satisfying the conditions of the lemma, then for n 2 m +2 : 
This proves tha t  in the region described in the lemma, with 
the supplementary condition I x I s c  : 
where K = K(c)  is a constant. This achieves obviously the 
proof of Lemma VII. 
On 
choosing q <h, we see, by Lemma VII, tha t  for n sufficiently 
large, in the closed circle C(X,, q) (since this circle contains 
no Xk with k # n )  the following inequality holds 
The  proof of Theorem XVII is now immediate. 
which proves Theorem XVII. 
LEMMA VIII. Let P(z)  be n canonical product w i th  zeros 
at the pointr { pn} , the exponent of convergence of { I p ,  I } being 
p1. l  To each couple of two constants h > P I ,  e’ >0, there cor- 
responds a quantity R(h,  e’) such that, i f  Iz-p,j > P ~ - ~ ,  
( n  2 l), I z [  > R ( h ,  e’), the following inequality holds: 
If‘(’) I >e-‘ . 
This is a classical theorem of Borel, for the proof of which 
we refer the reader t o  Valiron’s book on entire functions 
[19]. One of the reasons we do not give its proof here is 
the fact tha t  i t  serves here only for the proof of Theorem 
XVIII which, though interesting in itself, will not be used 
during these lectures. 
PI +e’ 
1 
<m, Z- = m. ‘That is to  say, if r>O: 2- 1 
I P n l P l S ~  IPnlPi --t 
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Let us now proceed with the proof of Theorem XVIII. 
On setting pn=hn2, we see, since the upper density of {h,) 
is finite, t ha t  there exists a constant h >0, such that  p ,  >hnz, 
and the exponent of convergence of {p,} is thus not larger 
than +. By Lemma VIII, in the region outside the circles 
C(p,,, pr,-‘), with h >-, we have 1 2 
Let us set v =max (2, p,). Since for n >no, Xn+1-hn > h n - v ,  
we have for n >no + 1 : pn+l -pn > (Xn+l +hn)Xn-’ > 2 p ,  2 and 
p,-p,-l>2p,-l 2 > 2 p , z .  In  other words, the closed 
circles C(p,, p ,  2 ) contain no pk with k #n.  By (87) we 
shall then have on the circle C(p,, p, 2 ), for n large: 
1 - Y   
1 - u  1 - u   
1 - u  
1 - v   
On the circumference of this circle we have then 
We have thus for n>n(r’): 
which proves Theorem XVIII. 
I n  the inequalities (54) or (78) the quantities A, can be 
replaced by the right-hand expression of the inequality (80), 
if the  h, satisfy the relationship (79) (in addition, of course, 
t o  the relationships required by Theorems XV or XVI), 
and by the right-hand expression of the inequality (82), if 
the  A, satisfy the supplementary condition (81). 
